Eur. Phys. J. Spec. Top.
https://doi.org/10.1140/epjs/s11734-021-00099-9

THE EUROPEAN
PHYSICAL JOURNAL @)
SpeciaL ToPics Cpdates.

updates

Regular Article

Magnetic hysteresis in the first order adiabatic phase
transition of mesoscopic-size Type | superconductors

Peter D. Keefe®

College of Engineering and Science, University of Detroit Mercy, Detroit, MI 48221, USA

Received 18 August 2020 / Accepted 2 March 2021

© The Author(s) 2021

Abstract Macroscopic and mesoscopic-size Type I superconductors exhibit a first order phase transition
in H-T space. For specimens undergoing an adiabatic phase transition, the latent heat is supplied or
absorbed by the normal regime. This process, the magneto-caloric effect, proceeds isentropically and for
macroscopic-size specimens, through an intermediate state of superconductive and normal phase domains.
For mesoscopic-size specimens, the intermediate state is precluded in view the specimen dimension and
the range of coherence are commensurate. John Bardeen proposed the appearance of magnetic hysteresis
prior to phase nucleation for the phase transition to proceed isentropically. This paper shows Bardeen’s
magnetic hysteresis is a consequence of positive interphase boundary surface energy.

1 Introduction

This paper arises from private communications between
the Author and John Bardeen of the Loomis Labo-
ratory, circa 1986-1987, concerning the physics of the
first order adiabatic phase transition of mesoscopic-size
Type I superconductors. In a letter to the Author, [1]
reproduced in [2], Bardeen argued on thermodynamic
principles that the adiabatic phase transition of a meso-
scopic specimen from the normal phase to the supercon-
ductive phase can proceed isentropically from a start-
ing temperature, T, to a lower, ending temperature,
T5, only if magnetic hysteresis manifests prior to phase
nucleation, leaving the theoretical details to the Author.

Specifically, Bardeen forwarded a magnetic hysteresis
superheating field, H,, defined by:

H?/87 = F\(Ty) — Fy(Ty), (1)

where F}, is the free energy per unit volume of the nor-
mal phase at Ty and Fj is the free energy per unit vol-
ume of the superconductive phase in zero magnetic field
at T1, and where phase nucleation at 77 commences at
a superheating field, H,, greater than the critical field
at Ty, Hy, i.e., H, > Hy, under the condition that the
adiabatic phase transition proceeds isentropically; that
is, Ss(T1) = Sn(Ty).!

Superheating and supercooling of the phase transi-
tion of macroscopic-size Type I superconductors have
been frequently observed, but these effects always

*e-mail: pdk@ix.netcom.com (corresgonding author)
Bardeen’s letter contains a typo: “H, must be greater

than Hs.” should read, “H, must be greater than H;.”

Published online: 15 April 2021

involve irreversibility, such as Joule heating, and irre-
producibility, as for example due to imperfections and
fluctuations [3,4]. The classic Ginzburg-Landau (G-L)
approach to superheating involves a potential barrier
to the phase transition that arises out of the interplay
between an ordering parameter decreasing the Gibbs
potential and an applied magnetic field increasing the
Gibbs potential, the concept being first forwarded by
Pippard [5].

However, Bardeen’s magnetic hysteresis in the
mesoscopic-size adiabatic phase transition does not fol-
low the G-L/Pippard model in that the magnetic hys-
teresis Bardeen suggested, hereafter “Bardeen Hystere-
sis”, must be absolutely reproducible by rigorously con-
forming to specific magnetic field values in order for the
phase transition to proceed isentropically [2].

This presents a problem: What unique mechanism
underlies Bardeen Hysteresis?

As this paper will show, the answer lies in the inter-
play between the applied magnetic field diamagnetic
screening energy and the minimum energy necessary to
create an interphase boundary due to the presence of
positive interphase boundary surface energy.

It is important to note that classical G-L/Pippard
magnetic hysteresis can and will occur independently of
Bardeen hysteresis; the underlying processes are com-
pletely different and independent of one another.

Interestingly, when the physics of macroscopic-size
Type I superconductors became “complete” in the mid-
1960s, investigators shifted to the mesoscopic-size via
robust studies of the properties of superconductive thin
films. The unexpected discovery of high T, supercon-
ductors thereupon took center stage and has remained
so to the present. This paper addresses a curiously over-
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looked aspect of Type I superconductor physics, and as
such, the references are period contemporary.

In the discussion below, the various figures depict
topical aspects of the thermodynamics of tin, a typi-
cal Type I superconductor, for which Hy = 309 gauss,
where Hj is the critical magnetic field at zero temper-
ature, and T, = 3.72°K, where T, is the critical tem-
perature at zero magnetic field. The figures are mutu-
ally drawn to scale (with the exception of Fig. 8). The
calorimetric data for tin are from [8] and the indicated
values are calculated from the standard thermodynamic
equations of superconductivity [9].

2 Phase transitions of a Type |
superconductor

The phase transition of a Type I superconductor from
the superconductive phase to the normal phase may
proceed isothermally or adiabatically, involving two
state variables, magnetic field (H) and temperature
(T).

In that the superelectrons correlate over a range of
coherence, &, typically 104 ¢cm, specimen dimensional-
ity is categorized in this paper as either macroscopic,
where the specimen dimension is much larger than &, or
mesoscopic, where the specimen dimension is commen-
surate with £. The macroscopic and mesoscopic phase
transitions are both first order [6]. Parenthetically, in a
third category, microscopic, where the specimen dimen-
sion is much smaller than £, the phase transition is sec-
ond order [7].

2.1 Isothermal phase transition

The isothermal phase transition of a Type I supercon-
ductor from the superconductive phase to the normal
phase requires application of a critical magnetic field
and, because the entropy of the superconductive phase
is lower than that of the normal phase, a latent heat
supplied by a heat reservoir.

The field-temperature (H-T') space diagram for an
isothermal phase transition of tin is shown at Fig. 1.

The dashed phase transition curve delineates the nor-
mal phase above and the superconductive phase below.
The phase transition curve is well-known to be closely
approximated by:

H, = HO(l - TlZ/T92)7 (2)

where H. is the instantaneous critical magnetic field,
Hy is the critical field at absolute zero, T; is the instan-
taneous temperature and 7T is the critical temperature
in zero magnetic field.

At T7, a magnetic field is applied by an external
source, increasing from zero to Hi. The magnetic field
increase is accompanied by performance of magnetody-
namic work per unit volume, Wy, , owing to diamag-
netic screening energy:
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Fig. 1 H-T space diagram for an isothermal phase tran-
sition of Sn

H;y
Wh, = MdH, (3)

0

where M is the magnetization of the superconductor
and H; is the critical magnetic field at 7. Phase nucle-
ation commences at Point P, H-T space coordinate
(Hy, T1), accompanied by a latent heat, LH, per unit
volume:

LH =T (S, — 5), (4)

where S, is the entropy of the normal phase and Sy is
the entropy of the superconductive phase.

The isothermal phase transition occurs abruptly at
Point P, whether the Type I superconductor is macro-
scopic or mesoscopic in size.

By way of example, given the superconductor is
tin and 77 = 0.61c, then Hy = 0.64Hy and LH =
0.9216 HZ /8 ergs/cc.

2.2 Macroscopic adiabatic phase transition

In contradistinction to the isothermal phase transition,
the macroscopic adiabatic phase transition from the
superconductive phase to the normal phase proceeds
through an intermediate state of inversely resizing vol-
umes of superconductive and normal phase domains
[10]. The relative change in superconductive phase and
normal phase domain volumes proceeds isentropically
according to the relation:

Ty
LHay = / (CodT) (Vi + AV)

T(l

+/n«th%—Avx (5)

Ta
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Fig. 2 H-T space diagram for a macroscopic adiabatic
phase transition of Sn

where LH Aoy is the latent heat, C,, and Cy are, respec-
tively, the specific heats of the normal and supercon-
ductive phases, V,, and V; are, respectively, the domain
volumes of the normal and superconductive phases, AV
is an incremental change in phase domain volume, and
T, and T}, are, respectively, beginning and ending tem-
peratures for each AV

When the magnetic field of the sample is raised
infinitesimally higher from H.(T;) to H. + AH(T;), an
infinitesimal volume, AV of the sample changes phase
from superconductive to normal, the sample absorbing
an infinitesimal latent heat, LH Ay, which accompanies
the phase transition. This results in the sample cool-
ing as per the specific heats of the normal and super-
conductive domains of the volume. Now at this cooler
temperature, Ti_ a1, H. + AH(T}) equals a new critical
magnetic field of the sample, H.(Ti—ar).

The H-T space diagram for an exemplar macroscopic
adiabatic phase transition of tin is shown at Fig. 2.
The magnetodynamic work performed by the source of
magnetic field from zero field to H; is given by Eq.
(3).

The phase transition begins in the superconductive
phase at Point A, H-T space coordinate (Hy, T1) and,
passing through the intermediate state, ends in the
normal phase at Point B, H-T space coordinate (Ha,
T). Magnetodynamic work, Wiy, is performed by the
source of applied magnetic field owing to the diamag-
netic screening energy associated with the superconduc-
tive domains of the intermediate state:

H>
Win = M;dH, (6)
Hy

where M; is the magnetization of the superconductor
in the intermediate state.
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Fig. 3 T-S diagram for Sn showing a macroscopic adia-
batic phase transition corresponding to Fig. 2

The phase transition from Points A to B proceeds
isentropically. This follows from the fact that the phase
transition is both adiabatic and, in view there is no
magnetic hysteresis if performed very slowly, reversible
[11].

By way of example, given the superconductor is tin
and Tl = 0.61737 then H1 = 064H0, T2 = 034TC, H2 =
0.884Hy and Wi, = 0.186Hg/87r ergs/cc.

A T-S diagram corresponding to Fig. 2 is shown at
Fig. 3, where the T" axis is common.

Between Points A and B, the entropy, S;, is con-
stant; that is, S(T}) = S(Th) = S(T»), where T} repre-
sents an instantaneous temperature of the intermediate
state between 77 and T5, and the instantaneous value
for the magnetic field, H;, is given by H; = H.(T}).
Comparison between Figs. 2 and 3 provides a three
dimensional H-T—S picture of the macroscopic adia-
batic phase transition, where the respective H and S
axes are examined utilizing the mutually corresponding
T axis.

By way of example, given the superconductor is tin
and 71 = 0.6T¢, then H.(T1) = 0.64H,, T = 0.347T,
H.(Ty) = 0.884Hy and S; = 0.401H2 /87 ergs/cc.

2.3 Mesoscopic adiabatic phase transition

In contrariety to the macroscopic adiabatic phase tran-
sition, the mesoscopic adiabatic phase transition occurs
in absence of the intermediate state, owing to the spec-
imen size being commensurate with the range of coher-
ence, &, the smallest superconductive phase domain
dimension [5].

Due to the absence of the intermediate state, Bardeen
hysteresis will exhibit. The Bardeen hysteresis field, H,,
represents a mesoscopic adiabatic phase transition hys-
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Fig. 4 H-T space diagram for a mesoscopic adiabatic
phase transition of Sn

teresis field, defined by:

Hy H,
MdH +
0 H,

= H?/87. (7)

Fo(Ty) — Fy (T1) = M dH

Figure 4 shows the H-T space diagram for a meso-
scopic adiabatic phase transition of tin, where, as per
Fig. 2, the phase transition begins in the superconduc-
tive phase at Point A, H-T space coordinate (Hy, T1,)
and the magnetodynamic work performed by the source
of magnetic field from zero to H; is given by Eq. (3).

The superconductive phase continues from Point A
to Point «, H-T space coordinate (H,, T1). Magnetic
work, Wiy, is performed by the source of magnetic field
between H; and H, owing to diamagnetic screening
energy:

H,
Wip = MdH. (8)
Hy

Phase nucleation commences at Point «, whereupon
the phase transition proceeds isentropically to Point
B', H-T space coordinate (H,, T»), at the respec-
tive rates of the electrodynamic and thermal relaxation
times from T to T5, where the term “relaxation times”
relates to the specimen dimension divided by, respec-
tively, the electrodynamic and thermal speeds of prop-
agation. For example, aluminum has an upper limit
of phonon propagation of about 6.5x10%m/s [12] and
a lower limit of electromagnetic wave propagation of
about 1.5 x 10°m/s [13]. The applied magnetic field
remains constant at H, from Point o to Point B’.

Since H, > H., the diamagnetic screening energy of
the applied magnetic field above H. will cause heat-
ing at phase nucleation, resulting in a reduction of the
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Fig. 5 T-S diagram for Sn showing a mesoscopic adiabatic
phase transition corresponding to Fig. 4

latent heat of cooling, LHr,:

H, Ty
LHy, — / MdH = | C,dT. (9)
Hy

T

By way of example, given the superconductor is tin
and T1 = 0.6TC7 then H1 = 0.64H0, T2 = 0.34TC, Hg =
0.884Hy, H, = 0.77TH, nLHy, = 0.9216HZ /8 ergs/cc,
and W, = 0.186H§/87r ergs/cc.

At Point «, the superconductor is in the supercon-
ductive phase even though H, > H;. While Point «
appears to be the result of commonly observed (G-
L/Pippard) superheating effects, a different causation
of the magnetic hysteresis is involved, demonstrated by
the fact that the superconductive phase at 77 persists
stably and reproducibly whether the applied magnetic
field is raised or lowered between H; and H,.

At Point B’, the superconductor is in the normal
phase even though H, < Hs. While Point B’ appears
to be the result of commonly observed (G-L/Pippard)
supercooling effects, here also, a different causation of
the magnetic hysteresis is involved, demonstrated by
the fact that the normal phase at T persists stably
and reproducibly whether the applied magnetic field is
raised or lowered between Hy and H,.

A T-S diagram corresponding to Fig. 4 is shown at
Fig. 5, where the T axis is common.

Between Points a and B’, the entropy, S,, is con-
stant; that is, S,(T3) = S(Th) = S(T»), where H, is the
Bardeen hysteresis field. Comparison between Figs. 4
and 5 provides a three dimensional H-T—S picture of
the mesoscopic adiabatic phase transition, where the
respective H and S axes are examined utilizing the
mutually corresponding 7" axis.

By way of example, given the superconductor is tin
and 77 = 0.67T¢, then H, = 0.77Hy, T, = 0.347,, and
S, = 0.401HZ2 /8 ergs/cc.



Eur. Phys. J. Spec. Top.

H —
0 -~ - P
~
H2' — N \ a
Ha B 3 t—» W,
A\
a Hd—
g 1 A \
[ \
E \
o \
s \\
\
| |
I I \\
\
\
)
0 5 T T
TEMPERATURE

Fig. 6 H-T space diagram for a mesoscopic adiabatic
phase transition of Sn in reverse of Fig. 4

An interesting aside is the reverse phase transition
from the normal phase to superconductive phase, shown
at Fig. 6.

Beginning in the normal phase at Point A’, the nor-
mal phase continues to Point B’. Phase nucleation com-
mences at Point B’, whereupon the phase transition
proceeds isentropically at the respective rates of the
electrodynamic and thermal relaxation times, where the
electrodynamic relaxation time defines the magnetody-
namics of Meissner effect flux expulsion from T, to 7.
The applied magnetic field remains constant at H, from
Point B’ to Point «, whereat the phase transition con-
cludes in the superconductive phase.

With regard to attainment of Point A, the supercon-
ductive phase continues from Point « to Point A. Mag-
netic work, Wy, = —Win, is delivered to the source of
magnetic field between H, and H;.

Returning from the aside, Fig. 7 superposes Figs. 2
and 4.

3 The Lutes-Maxwell experiment, a
window into Bardeen hysteresis

In his letter to the Author, Bardeen remarked with
regard to the mesoscopic adiabatic phase transition at
Hy, “... there must be considerable ‘superheating’ to the
higher field H,.” It is clear magnetic hysteresis must
enter the picture, but as pointed out above, the prop-
erties of Bardeen Hysteresis do not follow that of G-
L/Pippard superheating. The answer to this conun-
drum lies in an experiment by Lutes and Maxwell
investigating the magnetization of small diameter tin
wires in a transverse magnetic field involving the wires’
“demagnetizing factor” [14].

L L

MAGNETIC FIELD

TEMPERATURE
Fig. 7 Superposition of Figs. 2 and 4

R N
—/M

I e
—_— 0

Fig. 8 Cross-section of a superconducting wire in a trans-
verse magnetic field

The demagnetization factor, N, occurs in the super-
conductive phase due to diamagnetic distortion of the
applied magnetic field in correspondence with geometry
of the sample. For a thin wire in a longitudinal magnetic
field, N = 0, meaning all surfaces will homogeneously
experience the same magnetic field as the applied field
is raised. In Sect. 2, above, N = 0.

However, for a wire in a transverse magnetic field,
as shown at Fig. 8, N =1/2, meaning the poles will
experience H. when the equator experiences 1/2 H..

The corresponding magnetization diagram of a macro-
scopic superconducting wire in a transverse magnetic
field is shown at Fig. 9, where the intermediate state
commences at an applied magnetic field, Hi,, where
for N =1/2, Hypy = 0.5H..

The phase remains entirely superconductive until the
applied magnetic field reaches Hiyt, then between Hipg
and the critical field, H., the intermediate state ensues.
The progressively decreasing domain volume of the
superconductive phase with respect to the progressively
increasing domain volume of the normal phase is linear
[10].
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Fig. 10 H-T space diagram for an isothermal phase tran-

sition of a macroscopic Sn wire corresponding to Fig. 9

Figure 10 shows a corresponding H-1 space diagram
for the magnetization diagram of Fig. 9.

In the superconductive phase at an arbitrary temper-
ature, T', an applied magnetic field is raised from zero
to Hiut, whereupon the intermediate state occurs until
the applied magnetic field reaches H. at Point P, H-T
space coordinate (H., T'), whereat the normal phase is
volumetrically complete.

In that the phase transition is isothermal, the latent
heat, LH;,;, during passage through the intermediate
state is supplied by a heat reservoir between Hj,; and
H., where now Eq. (4) applies to each incremental vol-
ume change in the normal and superconductive phase
domains.
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Fig. 11 Observed magnetization diagram of a mesoscopic
superconducting Sn whisker in a transverse magnetic field

Magnetic work, Wy, is performed by the source of
magnetic field owing to diamagnetic screening energy:

Hing H.
Wy, = MdH +/ M;dH = H?/8w. (10)
0 H

int

After first referring to prior magnetization studies
for macroscopic tin wires having diameters much larger
than ¢ which confirm the validity of Fig. 9, Lutes and
Maxwell report that for a mesoscopic tin whisker hav-
ing a diameter of 1.2 x 10™* cm (commensurate with
€), a strikingly different magnetization diagram was
observed, shown at Fig. 11.

In the Lutes-Maxwell experiment, the applied mag-
netic field was increased from zero to Hg. The phase
remained wholly superconductive with no appearance
of the intermediate state below Hg. Then at Hg, an
abrupt isothermal phase transition from the supercon-
ductive phase to the normal phase was observed, where
Hp equalled 0.67H; and where the ambient tempera-
ture, Tg, equalled 1.69 K.

The H-T space diagram corresponding to the result
of the Lutes-Maxwell experiment is shown at Fig. 12.

In the superconductive phase at temperature Tz, an
applied magnetic field is raised from zero to Hg, where-
upon the phase abruptly transitions from superconduc-
tive to normal at Point 3, H-T space coordinate (Hg,

T3), where in Fig. 12, H, is defined as H; and Wg, is
defined as Wj..
The phase transition being isothermal, the latent
heat, LHg, is supplied by a heat reservoir per Eq. (4).
Magnetic work, Wy, is performed by the source of
magnetic field owing to diamagnetic screening energy:

H/j ,
Wy = MdJH = Hy /8, (11)

0
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Fig. 12 H-T space diagram for an isothermal phase tran-
sition of a Sn whisker corresponding to Fig. 11

where Hpg represents a mesoscopic isothermal phase
transition hysteresis field.

Per the observations of the Lutes-Maxwell exper-
iment, given the superconductor investigated is tin,
Ts = 1.69K = 045T., Hy = H. = 0.798H,, and
Hg = 0.67H,, then LHz = 0.646H{ /87 ergs/cc.

3.1 Figures 4 and 12 analogues

Common to Points B’ and (3, the phase transition from
the superconductive phase to the normal phase is volu-
metrically complete, each superconductor being in the
normal phase at a respective magnetic field, H,, Hg,

below the respective critical magnetic field, Hs, H;, of
its corresponding temperature, 15, Tj3.

In that both Figs. 4 and 12 involve a mesoscopic Type
I superconductor and an intermediate state that would
be present but for Bardeen hysteresis, H, and Hg rep-
resent Bardeen hysteresis fields for the respective meso-
scopic adiabatic and mesoscopic isothermal phase tran-
sition processes; that is, in Fig. 4, H, > H; and in
Fig. 12, Hg > Hiy.

In both Figs. 4 and 12, the normal phase is not the
product of commonly observed (G-L/Pippard) super-
cooling effects, in that the normal phase is in every
respect stable and reproducible, not being subject to
metastably slipping into the superconductive phase due
to lattice imperfections or instabilities, as for example,
fluctuations.

4 Discussion: Bardeen hysteresis explained

Type I superconductors exhibit a positive interphase
boundary surface energy per unit volume, Eg, defined

by:
Bs = (1 X/€)(H?/8m), (12)

where A is the penetration depth of the applied mag-
netic field into the surface of the superconductor and
where € is typically an order of magnitude longer than
A. This positive surface energy arises at an interphase
boundary because the free energy at the boundary,
H? /8, positively changes over A due to the external
magnetic field contribution and negatively changes over
¢ due to the superelectron contribution, where for Type
I superconductors A < & [15].

The diamagnetic screening energy per unit volume,
E\p, of the superconductive phase in the presence of an
applied magnetic field, H, is given by:

Ey = H? /8. (13)

The condition for an interphase boundary to form is
given by:

Ey > Es. (14)

Thus, so long as the positive interphase boundary
surface energy, Eg, exceeds the diamagnetic screening
energy, Fyp, of the applied magnetic field, an interphase
boundary cannot form and the superconductor cannot
enter into the intermediate state.

Bardeen hysteresis occurs when the applied magnetic
field diamagnetic screening energy required for creation
of an interphase boundary exceeds H?2/8m due to the
interplay between the applied magnetic field diamag-
netic screening energy and the minimum energy neces-
sary to create an interphase boundary in the presence
of positive interphase boundary surface energy; that is,
for Eg > Ey > HC2/87T.

Phase nucleation commences at H, when the applied
magnetic field diamagnetic screening energy equili-
brates the free energies of the normal and supercon-
ductive phases (per Eq. 1). The adiabatic phase transi-
tion will proceed without appearance of the intermedi-
ate state so long as the applied magnetic field diamag-
netic screening energy is less than the energy required
to create an interphase boundary.

In the mesoscopic adiabatic phase transition at H,,
the entire volume, V, undergoes phase nucleation, Fg =
Ey = H2/87 > H?/8m, and the temperature changes
from T3 to Tb with a work input of Wj,.

In the macroscopic adiabatic phase transition through
the intermediate state, for each infinitesimal volume,
AV, of phase nucleation, Es = Ey = (H, + AH)? /8,
and for the volume V| the temperature changes from
Ty to Ty with a work input of Wj,.

4.1 Example 1: the mesoscopic adiabatic phase
transition of Fig. 4

A numerical example follows which shows Bardeen hys-
teresis due to the interplay between the applied mag-
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netic field diamagnetic screening energy and the mini-
mum energy necessary to create an interphase bound-
ary.

Free energies equilibration occurs at the mesoscopic
adiabatic phase transition Bardeen hysteresis field, H,
when:

Ha
F,=F,+ H?/87 = F, + H? /87 + MdH, (15)

H,

At phase nucleation the applied magnetic field energy
per unit volume, FEyp, is given by:

By = H2/8T, (16)

and the interphase boundary surface energy per unit
volume, FEg, is given by:

Bs = (1 X/€)(H3/8m), (17)

where Hy is the critical field from T3 to T as a conse-
quence of thermal relaxation.

By way of example, given the superconductor is tin
and T1 = O.6TC, then H1 = 064H0, TQ = 034TC, H2 =
0.88Hy, H, = 0.77THy, Wi, = 0.186H§/87r ergs/cc,
En = 0.59HE /87 ergs/cc and Es = 0.62H§ /87 ergs/cc,
where for tin, A/§ = 0.2 and where, because Ey; < Eg,
the phase transition will proceed isentropically at H,
without appearance of the intermediate state.

4.2 Example 2: The mesoscopic isothermal phase
transition of Fig. 12

The Lutes—Maxwell experiment provides experimental
evidence for Bardeen hysteresis arising from the inter-
play between the the applied magnetic field diamag-
netic screening energy and the minimum energy neces-
sary to create an interphase boundary, as follows.

Free energies equilibration was observed by Lutes and
Maxwell at the mesoscopic isothermal phase transition
Bardeen hysteresis field, Hg, when:

! HB
F, :FS+H22/87r:FS—|—/ MdH.  (18)
0

The numerical values observed in the Lutesfl\//laxwell
experiment on a tin whisker are: Hiy, = 0.5H,, Tg =

0.45T, and Hy = 0.67H,. Therefore, Hy, = 0.798H,
Hg = 0.535H, and W = 0.637HZ /8 ergs/cc.

At phase nucleation the applied magnetic field energy
per unit volume, Ellv[, is given by:

By = H2/8m, (19)

and the interphase boundary surface energy per unit
volume, Eg, is given by:

Eg = (1= \/&)(H, /8r), (20)
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where, per the aforesaid numerical values, Ellvl =
0.286H3 /87 ergs/cc and Ey = 0.51H3/8m ergs/cc.
Accordingly, since EIIVI < Eé, the phase transition was

observed to proceed abruptly at Hz without appear-
ance of the intermediate state.

5 Conclusion

The causation of Bardeen hysteresis in the first order
adiabatic phase transition of a mesoscopic Type I super-
conductor relates to a minimum required applied mag-
netic field diamagnetic screening energy to create an
interphase boundary.

Bardeen hysteresis occurs when the applied magnetic
field diamagnetic screening energy required for creation
of an interphase boundary exceeds H?2/8m due to the
interplay between the applied magnetic field diamag-
netic screening energy and the minimum energy neces-
sary to create an interphase boundary in the presence
of positive interphase boundary surface energy.

Phase nucleation commences when the applied mag-
netic field diamagnetic screening energy equilibrates the
free energies of the normal and superconductive phases.
The adiabatic phase transition will proceed without
appearance of the intermediate state so long as the
applied magnetic field diamagnetic screening energy is
less than the energy required to create an interphase
boundary.

The Lutes—Maxwell experiment, which investigated
the isothermal phase transition of a mesoscopic tin
whisker in a transverse magnetic field (N=1/2), showed
an abrupt phase transition absent appearance of the
intermediate state. The magnetic field at which the
transition occurred provides experimental evidence for
Bardeen hysteresis arising from the interplay between
the applied magnetic field diamagnetic screening energy
and the minimum energy necessary to create an inter-
phase boundary in the presence of positive interphase
boundary surface energy.
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